Abstract. A tropical polynomial in nr variables, divided into blocks of r variables each, is r-symmetric if it is invariant under the action of S n that permutes the blocks. For r = 1 we call these tropical polynomials symmetric. We can define r-symmetric and symmetric tropical rational functions in a similar manner. In this paper we identify generators for the sets of symmetric tropical polynomials and rational functions. While r-symmetric tropical polynomials are not finitely generated for r ≥ 2, we show that r-symmetric tropical rational functions are and provide a list of generators.
Introduction
Persistence barcodes are natural invariants of finite metric spaces useful for studying point cloud data. They can help identify the structure of both individual data sets [6, 3] , and data sets consisting of objects which themselves carry an internal geometry, such as databases of images [1] . In the latter case it helps to have alternate representations of the barcodes, since they are not well adapted to standard machine learning methods.
One approach to this problems is to equip the set of barcodes with a metric. However, it is even simpler to provide coordinates for the set of barcodes. One version of this idea was carried out in [2] , where the set of barcodes were given algebraic coordinates coming out of its realization as a directed system of varieties, or schemes. These coordinates have been used in unpublished work on classification of compounds by A. Bak and M. Lerner.
One problem with algebraic coordinates, though, is that they are not continuous with respect to the bottleneck distance, which is the primary choice of metric on the set of barcodes largely due to the Gromov-Hausdorff stability theorem in [4] . The reason for the lack of continuity is that the bottleneck distance is defined using max functions rather than algebraic functions. This suggests the possibility that one should instead use tropical functions on the barcode space, where the max and min functions play a central role.
In this paper, we begin to investigate this tropical semiring of functions. We define symmetric and r-symmetric tropical polynomials and rational functions. We identify a finite set of generators for the former. A finite set of generators for r-symmetric tropical polynomials does not exist. However, we show that r-symmetric rational functions are finitely generated and provide a list of generators.
Tropical Polynomials and Tropical Rational Functions
Tropical algebra is based on the study of the tropical semiring (R ∪ {∞}, ⊕, ⊙). In this semiring, addition and multiplication are defined as follows: a ⊕ b := min(a, b) and a ⊙ b := a + b.
Both are commutative and associative. The times operator ⊙ takes precedence when plus ⊕ and times ⊙ occur in the same expression. The distributive law holds:
Moreover, the Freshman's Dream holds for all powers n in tropical arithmetic:
(a ⊕ b) n = a n ⊕ b n .
Let x 1 , x 2 , . . . , x n be variables representing elements in the tropical semiring. A tropical monomial expression is any product or quotient of these variables, where repetition is allowed. By commutativity, we can sort the product and write monomial expressions with the variables raised to exponents.
A tropical polynomial expression is a finite linear combination of tropical monomial expressions:
Here the coefficients a 1 , a 2 , . . . a m are real numbers and the exponents i j k for 1 ≤ k ≤ n and 1 ≤ j ≤ m are integers. The total degree of an expression p(
These tropical expressions are called tropical polynomials in other sources (see Tropical Mathematics [7] or Introduction to Tropical Geometry [5] ).
Each tropical polynomial expression represents a concave piece-wise linear function from (R ∪ {∞}) n → R ∪ ∞. Tropical polynomial expressions whose image is contained in R are R-tropical polynomial expressions.
Example 2.2. Let n = 3. A tropical monomial expression
The passage from tropical polynomial expressions to functions is not one-to-one. For example, x
Let p(x 1 , x 2 , . . . , x n ) and q(x 1 , x 2 , . . . , x n ) be tropical polynomial expressions. If
for all (p 1 , p 2 , . . . , p n ) ∈ R n , then p and q are functionally equivalent. Functional equivalence ∼ is an equivalence relation on the set of all tropical polynomial expressions. Tropical polynomials are the semiring of equivalence classes of tropical polynomial expressions with respect to ∼. In the case of n variables we denote it by Trop[x 1 , x 2 , . . . , x n ]. The degree of a tropical polynomial p is Degp = min q deg q, where the minimum is taken over all tropical polynomial expressions q representing p.
In the semiring of tropical polynomials Trop[x 1 , x 2 , . . . , x n ] the operation ⊙ is not invertible. We have more flexibility to manipulate expressions if we allow inverses with respect to ⊙. Definition 2.3. A tropical rational expression r is a quotient
where p is a tropical polynomial expression and q is an R-tropical polynomial expression.
tropical rational expressions are composed of taking the maxima and minima of linear functions.
Example 2.4. We compute inverses with respect to ⊙ for x 1 ⊙ . . . ⊙ x n and x 1 ⊕ . . . ⊕ x n :
The semigroup of equivalence classes with respect to ∼ defined above is RTrop[x 1 , x 2 , . . . , x n ]. The algorithm to produce p and q is best demonstrated by an example.
This is similar to adding fractions with different denominators.
Symmetric Tropical Polynomials
for every possible permutation π ∈ S n .
We denote the semiring of symmetric tropical polynomials by Trop[x 1 , x 2 , . . . , x n ] Sn . We work with a fixed n throughout this section.
We define a symmetrization operator:
Proof. First we prove (1)
n . The second to last equality holds by commutativity of ⊕, others by definition of Sym.
Part (2) follows by distributivity:
(⇐) By definition Sym(p) is symmetric and since p = Sym(p) so is p.
The following symmetric tropical polynomials will play an important role in our discussion.
Definition 3.5. Given variables x 1 , . . . , x n , we define the elementary symmetric tropical polynomials e 1 , . . . , e n ∈ Trop[x 1 , x 2 , . . . , x n ] by the formulas
. . .
. .
The total degree of expression e k is k. Elementary symmetric tropical polynomials give coordinates on R n /S n . In other words, they separate orbits.
Proposition 3.6. Let {x 1 , . . . , x n } and {y 1 , . . . , y n } be two orbits under the S n -action on
Proof. Suppose {x 1 , . . . , x n } and {y 1 , . . . , y n } are orbits for which e i ({x 1 , . . . , x n }) = e i ({y 1 , . . . , y n }) for all i. We assume without loss of generality that x 1 ≤ x 2 ≤ . . . ≤ x n and y 1 ≤ y 2 ≤ . . . ≤ y n . Since e 1 ({x 1 , . . . , x n }) = e 1 ({y 1 , . . . , y n }), it follows that x 1 = y 1 = e 1 ({x 1 , . . . , x n }). Next note that
Since x 1 = y 1 , this implies x 2 = y 2 . We repeat these steps until we get x i = y i for i ≤ n − 1. Lastly,
Since x i = y i for i ≤ n − 1, it follows from this last equation that x n = y n and we are done.
The goal of the remainder of this section is to prove the following theorem, which states that elementary symmetric polynomials generate symmetric tropical polynomials. 
Lemma 3.8. Let us suppose that
Proof. Follows from Propositions 3.4 and 3.3.
Proof of Lemma 3.9 . Since the Freshman's Dream holds in tropical arithmetic, the expression on the left equals
By distributivity and commutativity, we can rewrite it as ρ∈Sn π∈Sn
We claim that the minimum of x
Now let us suppose that the minimum at some point (p 1 , . . . , p n ) is attained for permutations π 0 and ρ 0 , for which some j with 1 ≤ j ≤ k and ρ 0 (j) / ∈ {π 0 (1), . . . , π 0 (k)} exist. Let ρ ′ ∈ S n be such that
Suppose (i js − a) = 0. By assumption the value of the expression at (ρ 0 , π 0 ) is less than at that of (ρ ′ , π 0 ), so
Now we compare expressions for (π 0 , ρ 0 ) and (π ′ , ρ 0 ) :
It follows from the equations above that p ρ 0 (j) = p ρ ′ (j) . Consequently the minimum at point (p 1 , . . . , p n ) is also attained at (π 0 , ρ ′ ). The expression at (π 0 , ρ ′ ) simplifies to
Now suppose that (i js − a) = 0. Then (p 1 , . . . , p n ) attains minimum at
We repeat these two steps on remaining terms. We showed that at any point (p 1 , p 2 , . . . , p n ), the function attains a minimum at x
for some σ ∈ S n . It follows that the minimum equals π∈Sn x 
If Deg p = 0, then p ≡ a = a(e 1 , . . . , e n ).
Suppose now that we can express all symmetric tropical polynomials of the required form of total degree less than m as tropical polynomials in e 1 , . . . , e n .
Let Suppose exactly i j 1 , i j 2 , . . . , i j k are nonzero. By Lemma 3.9 we can write
the claim follows by induction for polynomials of the specified form.
Proof of Theorem 3.7. Let p be a symmetric tropical polynomial in which all monomials have nonnegative powers. By Lemma 3.8 we can write it as
By Lemma 3.10 each Sym(a s ⊙ x
can be written as a tropical polynomial in e 1 , . . . , e n . Therefore so can p.
Let q be any symmetric tropical polynomial. We can write it as q = n is also minimal.
be a minimal tropical polynomial expression in n variables, where i Assume now that this expression in e 1 , . . . , e n is not minimal. This means that a j 0 exists and for any (p 1 , . . . , p n ), an l such that
Without loss of generality we may assume p 1 ≤ p 2 ≤ . . . ≤ p n . This implies that a j 0 exists and for any (p 1 , . . . , p n ) an l so that
It follows that the term Sym(a
) in the original expression must have been redundant. This is a contradition.
The following corollary is a tropical polynomial analogoue of the Fundamental Theorem of Symmetric Polynomials. for all permutations π ∈ S n .
Symmetric Rational Tropical Functions
We denote the algebra of symmetric rational tropical functions by RTrop[x 1 , x 2 , . . . , x n ] Sn . We can extend Sym to RTrop[x 1 , x 2 , . . . , x n ]: (2) , . . . , x π(n) ). Operator Sym is well-defined, additive, and commutes with tropical multiplication. A rational tropical function r is symmetric if and only if Sym(r) = r. Let (p 1 , . . . , p n ) ∈ R n . Since r is symmetric,
for all π ∈ S n . This equality is equivalent to
Now we tropically sum over π ∈ S n and get
By distributivity,
Since this holds for all (p 1 , . . . , p n ) ∈ R n ,
and consequently
By Theorem 3.7 Sym(q) and Sym(p) are tropical polynomials in e 1 , . . . , e n . Consequently, r is a rational tropical function in e 1 , . . . , e n .
r-Symmetric Tropical Polynomials
A tropical polynomial in n variables is symmetric if it is invariant under the action of S n that permutes the variables. We can generalize this definition as follows: a tropical polynomial in nr variables, divided into n blocks of r variables each, is r-symmetric if it is invariant under the action of S n that permutes the blocks while preserving the order of the variables within each block.
We state the relevant results for the case when r = 2, but by induction we can prove similar statements for a general r (with r = 2 as the base case). We focus on r = 2 because persistence barcodes, persistence analogoues of Betti numbers, are collections of intervals. Each interval is given as a point (x, y) and represents a feature which is 'born' at x and which 'dies' at y. Since the order of intervals does not matter, we must identify functions symmetric with respect to the action of S n on (R 2 ) n that permutes pairs.
Fix n. Let the symmetric group S n act on the matrix of indeterminates
by left multiplication. We want to find a generating set for the subset of Trop[x 1,1 , x 1,2 , . . . , x n,2 ] that is invariant under the action of S n described above.
Given a tropical monomial in the variables x 1,1 , x 1,2 , . . . , x n,2 , we construct its exponent matrix from the matrix X by replacing each variable by its exponent. We define a symmetrization map with respect to the row permutation action of S n :
We denote this map by Sym 2 .
Example 5.3. Let n = 2. The symmetrization of
Proposition 5.4. Let p(x 1,1 , . . . , x n,2 ), q(x 1,1 , . . . , x n,2 ) ∈ Trop[x 1,1 , . . . , x n,2 ]. Then:
Proof. This proof is similar to the proofs of Propositions 3.3 and 3.4.
We want to identify an equivalent of elementary symmetric tropical polynomials in this setting. Let
. . . . . .
n | e i,j ∈ {0, 1} for i = 1, 2, . . . , n, and j = 1, 2
Each matrix E ∈ E n determines a tropical monomial P (E).
We denote the set of orbits under the row permutation action on E n by E n /S n . Each orbit {E 1 , E 2 , . . . E m } determines a 2-symmetric tropical polynomial
Definition 5.6. We call 2-symmetric tropical polynomials that arise from orbits E n /S n elementary. We let e (e 1,1 ,e 1,2 ) ,...,(e n,1 ,e n,2 ) denote the tropical polynomial that arises from the orbit  Example 5.7. Let n = 2. The set of orbits under the S 2 action is
A few examples of elementary 2-symmetric tropical polynomials are: 
Let {(x 1 , y π(1) ), . . . , (x n , y π(n) )} and {(x 
Given evaluations of tropical elementary 2-symmetric polynomials on {(x 1 , y π(1) ), . . . , (x n , y π(n) )}, we must prove that the permutation ρ on the set of pairs {(x 1 , y ρ(1) ), . . . , (x n , y ρ(n) )} equals π. We prove this by induction.
First we show that y π(1) = y ρ(1) .
Let I = {y k ∈ {y 1 , y 2 , . . . , y n } | y k < y π(1) }. We evaluate e [(1,1)(0,1) |I| ] where |I| is the cardinality of I.
The following inequalities hold
It follows from here that
For this minimum to equal x 1 + y π(1) + y k ∈I y k , we must have y ρ(1) ≤ y π(1) .
A similar argument using J = {y k ∈ {y 1 , y 2 , . . . , y n } | y k < y ρ(1) } and evaluating
We conclude that y π(1) = y ρ(1) . Now suppose that y π(s) = y ρ(s) for all s < m. We want to show that y π(m) = y ρ(m) . Let us first suppose that π(i) < π(m) for i < m. We set I = {y k ∈ {y 1 , y 2 , . . . , y n } | y k < y π(m) }. Unfortunately an equivalent of Theorem 3.7 does not hold for r-symmetric tropical polynomials. We show that when r = 2 and n = 2 there is no finite set of generators for the 2-symmetric tropical polynomials. 2,2 )} j 1,1 ,j 1,2 ,j 2,1 ,j 2,2 ≤d , and consequently not by Sym 2 (I).
We prove this by contradiction. Suppose x d+1 1,1 x 1,2 ⊕ x d+1 2,1 x 2,2 can be generated by elements of G. The product of these generators must be of the form To get x for all permutations π ∈ S n .
We denote the algebra of 2-symmetric rational tropical functions by 1 , x 1,2 , . . . , x n,1 , x n,2 ) → π∈Sn r(x π(1),1 , x π(1),2 , . . . , x π(n),1 , x π(n),2 ). Operator Sym 2 is well-defined, additive, and commutes with tropical multiplication. A rational tropical function r is 2-symmetric if and only if Sym(r) = r. Proof. This statement follows from Lemma 6.4 since Sym 2 is additive.
Proof of Theorem 6.2. Any max-min function r may be written as r (x 1,1 , . . . , x n,2 ) = p(x 1,1 , . . . , x n,2 ) ⊙ q(x 1,1 , . . . , x n,2 ) −1 , where p and q are 2-symmetric tropical polynomials. By Lemma 6.5 both this tropical polynomial and Sym 2 (p (x 1,1 , . . . , x n,2 )) are rational tropical functions in elementary 2-symmetric tropical polynomials. Consequently so is r (x 1,1 , . . . , x n,2 ).
